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Abstract— In this work we tackle the open problem of self-join 
size (SJS) estimation in a large-scale Distributed Data System, 
where tuples of a relation are distributed over data nodes 
which comprise an overlay network. Our contributions 
include adaptations of five well-known SJS estimation 
centralized techniques (coined sequential, cross-sampling, 
adaptive, bifocal, and sample-count) to the network 
environment and a novel technique which is based on the use 
of the Gini coefficient. We develop analyses showing how Gini 
estimations can lead to estimations of the underlying Zipfian 
or power-law value distributions. We further contribute 
distributed sampling algorithms that can estimate accurately 
and efficiently the Gini coefficient. Finally, we provide 
detailed experimental evidence testifying for the claimed 
increased accuracy, precision, and efficiency of the proposed 
SJS estimation method, compared to the other methods. The 
proposed approach is the only one to ensure high efficiency, 
precision, and accuracy regardless of the skew of the 
underlying data. 

I. INTRODUCTION 
The self-join size of a relation has long been recognized 

in the DB literature as a key indicator of frequency 
distributions and, in particular, as an indicator of the skew 
of the underlying data set. The self-join size of a relation R 
on an attribute of domain D is ∑

∈Di
i
2α , where iα  is the 

frequency of attribute value i in R ([2]). As such, it has 
played a key role in query optimization strategies. Indeed, 
some researchers mention that self-join size can uniquely 
determine the parameter of many distributions ([2]). In 
addition, self-join size estimation has been used to select 
appropriate algorithms based on data value skew [14], to 
estimate errors in estimated intermediate result sizes [22], 
etc. For these reasons, a large body of literature has focused 
on developing techniques for estimating the (self-) join size 
of relations for centralized DBMSs.  

However, most if not all of the related work has focused 
on centralized data systems (or at best on small-scale 
distributed systems), mainly because, data management 
research as a whole had not paid particular attention on 
developing methods and systems that can work efficiently 
at large/internet scales. Recently, however, there has been a 
growing number of research on DB-like functionality over 
large-scale networks and peer-to-peer (p2p) systems ([1], 
[21], [26], etc), focusing on complex query processing and 

optimization. Query optimization would gain from 
distributed (self-)join size estimation techniques, just like in 
the centralized case, but  these techniques have not been 
studied yet. Moreover, distributed self-join size estimation 
would be highly beneficial in many other applications of 
large-scale data networks. One example, web clustering 
([18]), comes from distributed data mining, where in 
particular self-join sizes can help determine the similarities 
between two or more (distributed) collections of web pages, 
needed when deciding whether to cluster these collections. 
Another application area is distributed information retrieval 
(IR) and in particular p2p web searching. A significant 
body of recent works is dealing with the issue of query 
routing: deciding which (possibly distributed) document 
collections are most appropriate for a particular keyword 
query. Specifically, given a collection (partial result), the 
goal is to identify new collections that improve the result 
quality for the query. This involves identifying the size of 
the overlap between candidate collections and the partial 
result ([4]). Viewing these collections as (distributed) 
relations with one attribute being docID, this is equivalent 
to estimating the join size on docID of the candidate 
relations with the relation representing the partial result. It 
is well-known ([2]) that knowing the self-join sizes of two 
relations can be used to provide an upper bound for their 
join size; hence, obviously self-join size estimation of 
distributed relations can prove highly beneficial.    

Most of the work in estimating the (self-) join size of 
relations for centralized DBMSs can be classified into 
parametric, sampling, or statistical metadata-dependent 
algorithms. Parametric algorithms ([8], [25], etc) assume 
knowledge of the underlying distribution of the data, which 
they exploit for their estimation. Sampling-based 
techniques ([23], [24], [17], [12], etc) repeatedly probe the 
database, obtaining samples which they use to estimate the 
self-join size, after scaling appropriately. Statistical 
metadata-dependent approaches ([2], [3], [22], [10], etc) 
develop and maintain statistical metadata (such as 
histograms, sketches, etc) for the involved data sets, which 
they exploit for their estimation. Finally, there are hybrid 
algorithms ([13], [3]) where sampling is used to build 
summary statistics. 

A p2p data system is a typical representative of large-
scale distributed data systems. Hence, hereafter we will be 
using these terms interchangeably. Such data systems offer 



some unique challenges when attempting to perform self-
join size estimations: their high dynamics and the goals of 
high efficiency, low overhead, high estimation accuracy, 
and scalability place difficult optimization and trade-off 
decisions. Thus, we believe that building and maintaining 
statistical metadata structures is likely to incur a high cost. 
Parametric algorithms, on the other hand, could be used, 
since it is widely accepted that for most web and/or peer-to-
peer applications, data value distributions follow either a 
power-law distribution, or its close relative, Zipf’s law 
([29], [5]). However, given the environment’s high 
dynamics, the algorithms must be robust in terms of 
offering high accuracy under varying conditions, such as 
data skews. Our approach assumes an underlying Zipfian or 
power-law distribution and utilizes sampling techniques (i.e. 
it is a hybrid approach). Furthermore, even with a sampling 
technique, sampling sizes must be small, or the 
communication costs will become dominant and estimation 
strategies for query optimization purposes, for example, 
will not be very useful since query costs will be dominated 
by (self-) join size estimation costs. So, the open problem is 
whether we can develop self-join size estimation 
techniques in a p2p environment that are highly accurate, 
do not hurt scalability, impose little execution overhead, 
and are robust (i.e. perform well under changing data 
characteristics, such as skews). This is the problem tackled 
in this paper. 

The paper is organized as follows: Section 2 presents 
background material and definitions, and describes related 
work, the problem formulation and our contributions. The 
fundamental theorems upon which our novel G-based 
estimation algorithm is based are defined and proved in 
section 3. In section 4 we describe our proposed algorithm, 
and develop adaptations of five well-known (self-) join size 
estimation algorithms to a p2p environment. In section 5 
we present results from comprehensive experimentation, 
and, in section 6, we conclude and discuss future work. 

II. BACKGROUND, PROBLEM FORMULATION AND 
CONTRIBUTION 

A. Lorenz Curves and the Gini coefficient 
We use Lorenz curves - originally used in economics and 

ecology ([9]) – to map the cumulative percentage of tuples 
(x-axis), ordered by their attribute value, with the 
cumulative percentage of their attribute value (y-axis). The 
greater the distance is from the diagonal line, the greater 
the inequality of the value distribution becomes. If all 
tuples have the same attribute value, the curve is a straight 
diagonal line, the line of perfect equality (i.e. p% of the 
tuples have p% of the total sum of values, for 0≤ p ≤1). If 
there is any imbalance, the curve falls below this line. 

The total amount of value inequalities can be 
summarized by the Gini coefficient (G) ([9]). G expresses 
the ratio of the area enclosed by the line of perfect equality 

and the Lorenz curve, over the total triangular area under 
the line of perfect equality. 

Definition 1 – The Gini coefficient (G) is defined as the 
ratio of two geometrical areas: a. the area between the line 
of perfect equality and the Lorenz curve (area A in Fig. 1), 
and b. the area under the 45 degree line (areas A+B): 

BA
AG +=  (1) 

Because areas A+B represent half of the unit box, we 
have A+B= 2

1 , BBA
AG ⋅−=+= 21 . Therefore, to calculate 

G, we only need to calculate area B. 
Let us assume that we have a sequence of m values (here, 

a tuple’s join attribute value), say y1, y2, .., ym, generated by 
a probability distribution on a domain D = [umin, umax],  such 
that: y1 ≤ y2 ≤ .. ≤ ym. 

If the probability distribution is discrete, the area below 
the Lorenz curve is equal to the area of the polygon joining 
the points ( mi LLmi , ), where i=0,1,…,m, L0=0, 

∑==
=

m

j
jyTmL

1
(2) (Fig. 1); T expresses the sum total. Thus, 

if (Fi, Li) is the point in the Lorenz curve which 
corresponds to value yi, then miFi =  (the cumulative 

proportion of all values), and ∑=
=

i

j
jy

TiL
1

1 (the proportion 

of the sum total corresponding to Fi % of all m values). 
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Fig. 1 Lorenz Curve and the Gini Coefficient in a discrete value 

distribution 

Alternatively, the Gini coefficient ([9]) can be defined as: 

Definition 2 –The Gini coefficient (G) is defined as the 
relative mean difference, i.e. the mean of the difference 
between every possible pair of values divided by their mean, 
such as: 

∑∑
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B. Related work 
Related work concerns existing techniques used to 

estimate (self-)join sizes in data managements systems. As 



we have already discussed, these techniques can be 
categorized into parametric, sampling-based, statistical 
metadata-depended and hybrid. Most of them are used to 
build data statistics summaries, whereas sampling can also 
be used to estimate a database metric, such as the query 
result size, by collecting a small and usually, random 
sample from the base data and scaling the result.  

In general, data summarization differs from sampling in 
that the former is mainly interested in the representation of 
data distributions whereas the latter in the collection of 
them. However, in some research work, either sampling is 
used to collect information about the data distribution in 
order to build data synopsis ([2], [11], [13]), or statistics 
summaries on frequency distribution are used to guide 
sampling to estimate join query results [7]). In our paper, 
we use sampling to estimate the skew of the data 
distribution and then, use this information to estimate the 
self-join size. Thus, data summarization techniques have 
different goals than our estimation sampling algorithm. 
Also, using sampling, we do not need to store and maintain 
summary statistics, which may add great maintenance costs. 

There are various sampling techniques used to estimate 
(self-)join, or, (in general) query size in centralized data 
management systems: sequential ([17]), adaptive ([24], 
[23]), bifocal ([12]), clustered ([20]), independent ([15], 
[16]), cross and cross-product ([15], [16]), and double 
samplings ([19]), and the sketch-based randomized 
approximation algorithms ([2], [3]). In addition, [14] uses 
several sample-based estimators to estimate the number of 
distinct values of an attribute in a relation, but this work is 
complementary to the query size estimation problem. 

Clustered sampling ([20]) involves randomly selecting a 
set of disk blocks of one relation and a set of disk blocks of 
the other, then comparing all tuples within these blocks to 
check if they join, and finally estimating the solution based 
on the number of samples, the size of the relations and the 
sample sum. Haas et al ([15]) categorize sampling 
algorithms for join size estimation into groups based on: (a) 
whether the sample unit is a tuple, or a memory page 
composed of tuples, and (b) whether sampled items are 
compared with all tuples in the join relation (independent 
sampling), or with all tuples occurring in samples taking 
from these join relations (cross-sampling), or with only 
those tuples taken in the most recent sample of the join 
relations (cross-product sampling). Double sampling ([19]) 
is an approach for a fixed-precision estimation which uses a 
pilot sample to compute an estimate for the mean and the 
variance of the sample sizes. They use this estimate to 
refine the termination criteria of the basic (adaptive) 
sampling. Among the existing techniques, we chose 
sequential ([17]), adaptive ([24], [23]) bifocal ([12]), and 
cross- samplings ([15], [16]), and a sketch-based approach 
presented in [3] (and as sample-count in [2]) to adapt into a 
p2p environment as the best competitors to our proposed 
algorithm. 

To our knowledge, this is the first work that deals with 
estimating self-join size estimation in p2p data systems. 

C. Problem formulation 
We assume a single-attribute relation R(A), or simply R, 

with attribute A (for a multi-attribute relation we would 
choose one of the attributes, A as a (self-) join attribute). R 
has a very large number of tuples, say M>>0, that are 
uniformly distributed over the nodes of a p2p network. We 
assume an N-node p2p network, and that each node pi, with 
i∈{1, 2, … N} is immediately connected with a number of 
nodes, its neighbors. We make no further assumptions for 
the type of the p2p network. Further, in general, we may 
not have any knowledge as to which nodes store which 
values.  

We assume that attribute A of relation R is used as a 
single-attribute index of a tuple t ∈ R, and that A is 
characterized by its value domain, D=[umin, umax]. Each 
tuple is uniquely identified by a primary key, t.key. 

Definition 3 – For a relation R, the self-join size on its 
attribute A of domain D is: 

∑
∈

=
Di

iASJS 2)( α  (4) 

where αi is the frequency (i.e. the number of appearances) 
of attribute value i in R ([2]). 

D. Our contributions 
Our contributions are: 
• We develop adaptations of five well-known (self-) 

join size estimation techniques (coined sequential, 
cross-, adaptive, bifocal samplings, and the sketch-
based approach, sample-count) that can be deployed 
over a p2p environment. The central question here is 
whether by simply borrowing and adapting existing 
algorithms suffices to solve the problem at hand. The 
answer to this is negative.  

• We develop a novel technique to estimate self-join 
sizes based on the Gini coefficient (G) in a p2p 
network. We show that G can be estimated with a 
relatively small sample size and with a very small 
estimation error. 

• We contribute analyses of how G is related with the 
skew parameter of Zipfian distributions, and how 
self-join sizes can be estimated using these skew 
parameter values. 

• We implement all above algorithms and conduct 
detailed experimentation to study their performance 
in a simulated p2p data system, with Zipfian attribute 
values distributions of various skews. Our results 
testify for the superiority of the G-based approach 
and substantiate our claims of low overheads, high 
estimation precision and high accuracy, regardless of 
skew. 

 



III. GINI-BASED ESTIMATION OF SJS 
In this section we present the fundamental theorems 

upon which our novel estimated algorithm is based. 
Specifically, we show how G estimations can lead to 
estimations of the parameter of Zipfian distribution, and, in 
turn, to estimations of the self-join size of a relation whose 
value distribution follows Zipf’s law. 

A. Zipf’s law and the Gini coefficient 
Zipf’s law may be stated mathematically by the discrete 

probability distribution function θ−=′ lCuf l )( , which holds 
for any value lu′ ∈D of d values, where θ is the skew 
parameter (θ>0), l the value’s rank, and C a constant equal 

to 
1

1
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⎞
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⎜

⎝

⎛
= ∑

d

j

jC θ . In the following paragraphs we prove a 

formula which relates G of any sequence of Zipfian 
distributed values with θ and, thus, enables us to calculate 
G given θ, and vice-versa. 

Let us first assume that we have a sequence of m values,  
say y1, y2, .., ym, generated by a Zipfian distribution on an 
integer-value domain D = [1, d],  such that: y1 ≤ y2 ≤ .. ≤ ym. 
The corresponding Lorenz curve is plotted in Fig. 2. 

Theorem 1. The Gini coefficient (G) of any sequence of 
values produced by a value distribution on a domain D 
which follows Zipf’s law depends only on the skew 
parameter of the distribution, θ and, D. Specifically, G, θ 
and D=[1, d] are related by the following equation: 

∑ ∑
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(5) 

Proof of Theorem 1. We assume that ak is the number of 
occurrences of value uk∈D in our sequence of m values, for 
k=1, 2, .., d, where  ak ≥ 0. This means that value u1 appears 
a1 times, value u2 appears a2 times, and so on. 

Then,∑
=

=
d

k
k ma

1

(6). Furthermore, if )( kuf is the probability 

distribution function, then: )( kk umf=α  (7). 
Without loss of generality, we assume that u1 ≤ u2 ≤ .. ≤ 

ud, and uk = k. Because our sequence of m y-values 
generated from domain D is increasingly ordered, ak 
occurrences of value uk lie together in consecutive y’s, 
starting, from yi+1 to yi+αk

, assuming that  there are i distinct 
y-values lower than uk. 

Then, the x-axis of the Lorenz curve can be split into a 
maximum of d consecutive subranges, each equal to mak , 
for k=1, 2,.., d. The corresponding kth subrange in the x-axis 

extends from 
m
y

F i
i =  to

m

y
F k

k

i
i

α
α

+
+ = , and in the y-axis 

from Li= j
k

j
juT ∑

−

=

1

1

1 α  to Li+αk
= j

k

j
juT ∑

=1

1 α , where i is the 

number of previous subranges. (Note that, for k=1, i= 0 and 
F0= L0 = 0). Then, area B is composed of a number of 
trapeziums, one for each one of the maximum d 
consecutives subranges of equal y-values. We can calculate 
the area of each trapezium Bi, as marked in Fig. 2, as: 
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Fig. 2  The Lorenz Curve of a Discrete Zipfian Distribution 

Since our y-values follow a Zipfian distribution on 
domain D=[1,d], for any lu′ ∈D, θ−=′ lCuf l )(  (9), where θ 
is the skew parameter (θ>0), l is the rank of  its frequency,  

and C is equal to 1

1

)( −

=

−∑=
d

j

jC θ  (10) (a normalization 

constant). It is obvious that: )(..)()( 21 dufufuf ′≥≥′≥′ . 
Assumption 1: We assume that ll uu =′ = l, i.e. value 1 is 

the most frequent in our sequence, value 2 the second most 
frequent, value ul is the lth most frequent, and so on. This 
assumption defines a mapping between values of domain D 
and their order of frequency. This assumption does not lose 
generality in cases when the values themselves are 
insignificant and we only care about their frequencies of 
appearance.  This is the case of the self-join size estimation 
that we examine here. 

Thus, equation (8) using (7) and (9) becomes: 

⇒+= ∑
−

=

])(])(
2
1)([1 1

1
kkk

k

j
jjk umfuumfuumf

mT
B  

⇒+= ∑
−

=

−−− ]]
2
1[

1

1

k

j
k kkCkjCj

T
CmB θθθ  

]
2
1[ 12

1

1

1
2

+−
−

=

+−− ∑ += θθθ kjk
T

mCB
k

j
k                  (11) 



The total sum of values, T using equation (2) and the 
definition of ak becomes: 
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Since area B is composed by d trapeziums: 

∑
=

=
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 (13) 

Then, by definition 1, G can be expressed geometrically 
using equations (13), (11), and (12), as: 
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Replacing C by (10), we have equation (5).   � 
We have proved a similar theorem for Power Law 

distributions, but we omit it due to space limitations. 

B. Self-Join Size and the Gini coefficient 
Now, using Assumption 1 (used in the proof of theorem 

1, i.e. that having a Zipfian distribution, a value ui of 
domain D=[1, d] is equal to integer i and to its frequency 
rank ( luu ii ==′ ) ), we prove the following theorem:  

Theorem 2. The self-join-size of a relation R on an 
attribute A of domain D=[1, d] whose values, ui follow a 
Zipfian distribution with parameter θ,  are related by the 
following equation: 

∑∑
=

−

=

−=
d

i
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i
iimASJS
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2
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22 )()( θθ  (14) 

Proof of Theorem 2. We have already seen above that, if 
)( kuf  is the probability distribution function, then: 

)( kk umf=α . Thus, from definition 3,   

∑ ∑ ∑
∈ = =

===
Di

d

i
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1 1

2222 )())(()( α , and since 

)( kuf is a Zipfian function, from equation (9) we have: 

∑
=

−=
d

i

iCmASJS
1

222)( θ . Replacing C in equation (10), the 

theorem is proved. � 
Hence, estimating G leads to the Zipfian parameter from 

which (Theorem 2) we obtain a SJS estimation. 

IV. P2P SJS-ESTIMATION ALGORITHMS 
In this section we present a novel technique to estimate 

SJS in a p2p network based on G, using the theorems 
presented before. In addition, we adapt five well-known 
sampling-based  algorithms that deal with the problem of 
estimating (self-)join size in a centralized relational 
database, namely (a) sequential ([17], [18]), (b) cross ([15]), 
(c) adaptive ([23], [24]), and (d) bifocal samplings ([12]), 
and (e) count-sample using random sketches ([3], [2]). To 
our knowledge, there is no previous work attempting to 

develop, or adapt these algorithms in a distributed or p2p 
environment.  

The unit of sampling is a node (often referred as node-
sample in this paper) and we collect the tuples that a node 
contains. We do not examine the tuple as a sampling unit 
since it would be extremely expensive in terms of the 
required number of messages (a.k.a. hops).   

There are various sampling techniques we could apply to 
select the values needed to estimate SJS. Here we present 
random walking, which can be widely applied to any P2P 
network, structured or not (also used in [28]): a node 
randomly selects one of its neighbors (using the function 
randomNeighbor()) to forward the sampling message, until 
the required number of samples has been reached. 

A. Algorithm G-based sampling (GBS) 
The main steps of our algorithm are: first estimate G 

using a sample of the attribute values (using definition 2 on 
the sampled values), then, given G, estimate the skew 
parameter θ of the Zipfian distribution (using theorem 1), 
and finally estimate SJS from θ (using theorem 2).  

Our estimation is based on G, a statistics metric which 
captures both inequalities and skewness of an attribute 
whose value distribution follows Zipf’s law. The key here 
is to show that G can be accurately estimated with only a 
small sampling size, since the sampling size directly affects 
the communication costs for computing G. Empirical 
studies and extended experimentation has shown that G is a 
metric that can be estimated with high accuracy demanding 
only a small sample size ([28]).  

Algorithm GBS works as follows: A node pinit initiates 
the algorithm, and sends a GBS message to one of its 
neighbors, say pi, selected using the function 
randomNeighbor(). Upon receiving the message, node pi 
generates a structure Ti and sends it, together with the 
number of its tuples, mi, to node pinit. Structure Ti stores the 
distinct join attribute values of  pi’s tuples together with the 
number of their appearances. Then, if sampling has not 
finished, pi forwards a similar GBS message to one of its 
neighbors randomly selected, and the process is repeated.  
Node pinit receives all messages sent from nodes pi together 
with Ti and mi, and merges structures Ti into a structure T. 
When the count of all mi reaches the expected number of 
samples (say m_max), node pinit estimates SJS using the 
function g_based(T) which first estimates G based on T¸ 
then θ based on G, and finally SJS based on θ. Thus, 

)(_ TbasedgSJSGBS = . 
Sampling finishes when the number of sampled tuples, m 

reaches m_max (it corresponds to the sanity bound 
m<m_max). We assume that m_max is determined by 
sampling or by known statistics, as in centralized versions. 

B. Algorithm P2P sequential sampling  (pSEQ) 
A generic sequential sampling algorithm ([17], [18]) 

collects values sequentially, estimates the requested metric 
(here, SJS), and if the number of samples, or the estimated 



metric satisfies a specific condition (it has reached a ‘safe’ 
value), it terminates. 

Algorithm pSEQ is similar with algorithm GBS, except 
the method they use to estimate SJS. In pSEQ, pinit uses 
function sjs_calcu(T) to calculate the (true) SJS of the 
merged structure T, say ST. Then, TpSEQ Sm

MSJS = . Recall 
that M is the total number of tuples of the relation.  

In this p2p version of the sequential sampling algorithm, 
the termination condition depends on the number of tuples 
sampled. Alternatively, it could depend on the estimated 
metric, as assumed in [17] (this is the case presented in the 
p2p adaptive sampling algorithm below). However, our 
choice does not affect the performance evaluation of the 
algorithms presented here. 

C. Algorithm P2P cross sampling (pCROSS) 
Cross sampling ([15], [16]) is usually used for join size 

estimation of two (or more) relations. The idea is to select a 
random sample from both relations, compute the join size 
of the samples, and then scale the result appropriately, i.e. 
multiply by the factor 2

2121 )( mmMM , where M1, M2 are 
the total number of tuples of the relations and m1, m2 their 
corresponding sample sizes. In the case of SJS estimation, 
there is one relation and one sample (i.e. M1=M2 and 
m1=m2). pCROSS is exactly the same with pSEQ, except 
the equation to estimate SJS, which is:  

TpCROSS Sm
MSJS 2)(= . 

D. Algorithm P2P adaptive sampling (pADA) 
The main idea in adaptive sampling ([23],[24]) is to 

partition the query size into x disjoint subsets. The 
algorithm repeatedly and randomly selects one of these 
subsets, computes its size, and adds it to a current sum, say 
S. After k such subsets, the algorithm terminates and 
estimates the size of the query as Skx )( . The termination 
condition depends on k and S. 

The idea of algorithm pADA is the following: Assuming 
that the sample unit is a node, we need 2N total subsets 
(partitions), since each node participates in N subsets in a 
network of N nodes. Specifically, let Rp be the set of tuples 
(i.e. part of R) that corresponds to node p. Then, 

}{, jiji pppp RRRRSJS <>U<> == , for Nji ,,2,1, K= . Thus, 

when n nodes are sampled, the corresponding number of 

partitions is: ∑
=

−
n

j
j

1
)12( . This is because when the nth node is 

sampled, there are 2n-1 additional partitions selected: one 
partition

nn pp RR <> , n-1 partitions
jn pp RR <> , and n-1 

partitions
nj pp RR <> , for each one of the previously 

sampled nodes pj, for 1,,2,1 −= nj K .  
Thus, algorithm pADA works as follows: Nodes 

repeatedly send a pADA message to one of its neighbors, 
using randomNeighbor(). Each node pi calculates its SJS, 

say Si, based on its tuples, and, sends Si to node pinit until 
the termination conditions have been reached, based on the 
number of nodes currently sampled, say n′ , and the SJS of 
these nodes, say nS ′ . When the termination conditions have 
been fulfilled, pinit calculates SJS by: 

npADA Sk
NSJS

2
= , where ∑

=

=
n

i
in SS

1

, and ∑
=

−=
n

i

nk
1

12  

which is the total number of the partitions that correspond 
to n. 

For the termination conditions, pADA uses two variables: 
s_flag which corresponds to the termination condition 

),( εpfbS ⋅> of the centralized adaptive algorithm, and 
n_flag which corresponds to the sanity bound n < n_max, 
where n_max is the maximum sample size. It is assumed 
that parameters b and n_max can themselves be determined 
by sampling or known statistics (as in the centralized 
version). Function f() depends on the desired confidence 
and inaccuracy parameters p and ε respectively ([12]). 
Please, note that, in the centralized version, the first 
termination condition is based on the SJS of the current 
partitions selected, whereas, here s_flag is calculated from 
the SJS of the nodes selected, since, otherwise it would be 
highly expensive to communicate the necessary 
information to all nodes sampled. 

E. Algorithm P2P bifocal sampling (pBIF) 
Bifocal sampling ([12]) was proposed to estimate the 

size of an equi-join of two relations, being more efficient in 
skewed data distributions. It categorizes values (and tuples) 
in each relation into two groups, dense and sparse, based 
on the number of tuples with the same join attribute value. 
According to this grouping, it employs two different 
sampling procedures: one dense-dense-estimation and one 
sparse-any-estimation. The former estimates the size of all 
dense-dense subjoins, and the latter the sum of the sizes of 
all sparse-dense and sparse-sparse subjoins. The main idea 
is that a dense value has many tuples in both relations and, 
with high probability will be represented by a join 
performed in a small sample size. On the other hand, when 
one of the values of a sample is sparse and the other is 
dense, if sampling is executed from the dense side, the 
sparse values are not likely to be missed (for that, sparse-
any-estimation algorithm is applied twice). However, for 
sparse-sparse subjoins, individual subjoins may be missed. 

Since here we estimate the self-join size of a relation, we 
only have the cases of dense-dense and sparse-sparse 
subjoins, and we apply the sparse-any-estimation procedure 
once. Specifically, pBIF works as follows:  

Node pinit initiates and sends a pBIF message to one of 
its neighbors using the function randomNeighbor(). Node 
pinit needs two parameters: a threshold δ to characterize 
dense values, and n_max equal to the maximum sample 
size, which both are forwarded to the neighbors. Each node 
pi which receives a pBIF message, first calculates )(umultT  



for each value u in T, which T (also described before) is a 
structure with all the distinct join attribute values of all 
tuples of all nodes currently sampled. multT(u) is the 
number of appearances of value u in T, as defined in [12]. 
Depending on multT(u), node pi calculates the (current) 
self-subjoin sizes of dense, Sd and sparse values Ss. 
Specifically,  

for each value u in T do {  
  if multT(u) ≥ δ     // dense value 
 then Sd  = Sd + (multT(u))2;  
 else if multT(u) < M/m  // sparse value 
      then Ss = Ss + (multT(u))2;    } 

When the requested number of nodes has been reached 
(i.e. n_max), the last sampled node sends to node pinit the 
triple (Sd, Ss, m), which corresponds to the self-subjoin 
sizes of dense (Sd) and sparse (Ss) values of all m tuples of 
the nodes sampled. Then, sdpBIF Sm

MSm
MSJS += 2)( . 

Please, note that in pBIF a node sends to its neighbor the 
merged structure T, whereas in the previous algorithms, a 
node would send only its own structure Ti to pinit. This costs 
more in bandwidth (heavier messages), but otherwise we 
would loose in accuracy of SJS estimation.   

For efficiency (i.e. fewer messages), we perform dense-
dense-estimation and spare-any-estimation (as explained 
before, the only case is a sparse-sparse self-subjoin sizes) 
on the same sample of n nodes. Similarly with the 
centralized bifocal algorithm, while estimating dense-dense 
self-subjoin sizes, values that appear less than δ times in the 
sample are ignored, whereas, while estimating sparse-
sparse self-subjoin sizes, dense tuples are ignored. 

F. Algorithm P2P sample-count (pSCOUNT) 
Another approach designed to estimate self-join sizes is 

a sketch-based approach presented in [3] (an application of 
this approach for tracking self-join sizes in limited storage 
is also presented in [2], where it is called ‘sample-count’).  
The algorithm estimates SJS of a sequence of M values 
with the median, Y of s2 random variables Y1, Y2, …, Ys2

. 
Each Yi is the average of s1 random variables 11: sjX ij ≤≤ , 
which are independent and identically distributed. Each Xij 
is computed from the sequence as follows: 

a. Choose a random member ap of the sequence, ap =l. 
b. Let r be the number of occurrences of l among the 

members of the sequence following ap (inclusive). 
c. Define X=M(2r-1). 
In pSCOUNT we estimate the SJS of the tuples of the 

nodes sampled by random walking and then scale to the 
whole network. We set s2 to be the number of nodes 
sampled, and s1 the (average) number of tuples per node 
sampled. We also define an order on the (join attribute 
values of the) selected tuples, needed to compute r in step ii 
above. We say that “a tuple tq follows a tuple tp”, when:  

a. node pp was selected earlier than node pq (in random 
walking), if tq and tp are stored at different nodes, pq and 
pp respectively, and 

b. tuple tp is selected earlier than tuple tq, if both tuples 
are stored at the same node (tuples may be selected 
randomly, according to their time of insertion, etc). 

Algorithm pSCOUNT is slightly different than the other 
p2p algorithms. Messages are forwarded to the neighbors 
till s2 nodes are selected, and, then, are sent back, following 
the reverse route, together with the merged structure, T (i.e. 
at each node pi, structure T contains information from all 
tuples of the nodes selected after node pi including itself). 
Additionally, each node pi sends to node pinit a value Yi, 
calculated as follows:  

i.  for every tuple tk of node pi with value uk { 
ii.   rk = the number of occurrences of uk in  T  
iii.  Xik = mi*(2*rk-1)  } 
iv. Yi = average of all Xik 
When node pinit receives all s2 messages with s2 values Yi, 

it estimates SJS with the formula: Ym
MSJS pSCOUNT

2)(= , 
where Y is the median of s2 values Yi. Scaling is performed 
with the factor 2)( mM , similarly to pCROSS. 

V. EXPERIMENTAL RESULTS 

A. Evaluation criteria 
In this section we report on extended experimental 

performance evaluation of the algorithms presented above. 
The results are averaged over u=100 different samples (i.e., 
100 different runs). The evaluation criteria we used are:  

a. accuracy (expresses the degree of conformity of 
estimated SJS to its true value), measured by the 
percentage (%age) error, is defined as the average of the 
absolute difference of the estimate and the true SJS, divided 
by the estimate; 

b. precision (expresses the degree to which further SJS 
estimations will show the same or similar results), 
measured by the relative variance, is defined as the average 
square of the difference between the estimate and the 
expected value of the estimate, divided by the square of the 
expected value of the estimate (the expected value of the 
estimate is the average estimate of all different 
samples/runs of algorithm); 

c. performance (expresses the efficiency of executing 
these algorithms under the wide-scale distribution setting of 
a p2p data management system), measured by the number 
of hops among the nodes of the network.  

In addition, the centralized estimation sampling 
algorithms usually use termination criteria when a pre-
specified sample size or accuracy has been reached. Thus, 
others terminate with a lower sample size, and thus the 
accuracy of estimation is low, and others terminate with 
higher sample sizes, and thus, their performance is low (i.e. 
a higher message count). For this reason, we do not use 
termination criteria but we assume that all algorithms are 
executed with a maximum sample size, and compare the 
accuracy of their estimation for various sample sizes.  



We used the node as the sampling unit (i.e. node-
samples). In the results presented below, N expresses the 
number of nodes, n the sample size, M the number of tuples 
of the relation and m the number of tuples sampled. 
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Fig. 3 Accuracy of various SJS estimation sampling algorithms for various 
θs for a sample size n=10 (N=1000) 

B. Experimentation setup 
We simulated a p2p data management system running on 

a N-node Chord ([30]) overlay, with N = 1000, 4000, and 
10000 nodes. There was one single-attribute relation, with 
100000 tuples distributed across all nodes. The attribute 
values were generated by Zipfian distributions over the 
integer domain [1, 10000], with parameter θ ranging from 
0.2 to 1.2 (this covers results of studies on file and web 
sites popularities, such as [6], [27], [29]). 
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Fig. 4 Accuracy of various SJS estimation sampling algorithms for various 
θs for a sample size n=50 (N=1000) 

C. Results 

1)  Accuracy:  In Fig. 3 and Fig. 4, the percentage 
(%age) error for each one of the algorithms is illustrated 
for node-sample sizes n=10 and 50, respectively, for 
various values of θ and for N=1000 nodes (results are 
similar for other values of N). pSEQ is ‘tragically’ 
inaccurate (it has more than 100% error), and thus, it does 
not appear in the figures. GBS has the highest accuracy (i.e. 
the lowest %age error) among all algorithms. The accuracy 
of pBIF is improved for higher θs. This is expected, since 
the centralized bifocal is more efficient for skewed 
distributions. pCROSS has similar accuracy with pBIF 

especially for low sample sizes. For low and medium 
values of θ (θ<1), GBS has significantly higher accuracy 
than the others, with a relative error around 10% for a small 
sample size n=10, and ranging from 3% (θ=1.2) to 9% 
(θ=0.2) for n=50. pCROSS’s and pBIF’s accuracy is more 
than 20%, for θ<1. For high θs, these two algorithms have a 
comparable accuracy with GBS (but their accuracy is still 
lower). Thus, GBS is the only algorithm that can guarantee 
excellent accuracy regardless of skew: for all different θs, it 
ensures a very high accuracy. 
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Fig. 5 Accuracy (expressed in %age error) of our G-based estimation 
algorithm for a number of samples around 5214 (for n=52, m=5186.39) 

In addition, we compare the accuracy results of GBS 
with the centralized versions of cross-sampling, adaptive, 
and bifocal, as presented in [12]. Bifocal has a %age error 
around 2 when the join size is )lg( MMΩ , which in our 
experiments is true for θ≥0.8 and for a sample size 

)lg( MMO , which here corresponds to ≥5214 tuples. The 
%age error metric of GBS for an equal number of samples 
(which corresponds to a node-sample equal to 52) is 
illustrated in Fig. 5. We notice that the results of our 
algorithm are comparable to the centralized ones: the %age 
error ranges between 2.5% and 9% for θ=0.2-1.2, which is 
significantly lower than that of the other centralized 
algorithms, except bifocal (their lower %age error is around 
10 for θ=1, and >40 for other values of θ). 

0

0.1

0.2

0.3

0.4

0.5

0.2 0.4 0.6 0.8 1 1.2

parameter θ

re
la

tiv
e 

va
ria

nc
e

GBS pSEQ pCROSS pADA pBIF pSCOUNT  
Fig. 6 Precision of various SJS estimation sampling algorithms for various 
θs for a sample size n=50 

 



 
TABLE I 

PERFORMANCE IN TERMS OF THE NUMBER OF HOPS FOR DIFFERENT ZIPFIAN DISTRIBUTIONS, FOR A %AGE ERROR < 30, 20, 10, AND FOR N=1000, 4000, 10000 
NODES (M=100000 TUPLES)  

 
It may not be better than the centralized bifocal, but it is 

comparable. On the other hand, pBIF is not so efficient. The 
main reason is that it uses function multT(u), which calculates 
the appearances of value u in the tuples of sampled nodes, 
instead of function multR (u), which counts the number of 
tuples in the whole relation R (because cost would be 
unacceptable, since it would require O(N) hops!). 

2)  Precision:  The relative variance for a node-sample size 
n=50, for various values of θ is illustrated in Fig. 6, for 
N=1000 nodes (results are similar for other values of N). GBS 
has higher precision (i.e. lower relative variance) than the 
others, except pSCOUNT; its relative variance ranges from 
0.004 (θ=0.2) to 0.215 (θ=0.8). pADA is not illustrated 
because its precision is not good (>1.3). pSEQ, in turn, does 
not have a good behavior for θ>0.4 (a relative variance >0.6). 
pBIF and pCROSS behave almost similarly for θ<0.8, but they 
both perform very poorly for θ<0.6. pSCOUNT  has the 
highest precision. This means that pSCOUNT is the most 
predictable of the others, and GBS follows. With respect to 
precision, there is no evidence in the centralized (self-) join 
estimation algorithms, thus we cannot compare our results 
with the centralized versions. 

3)  Performance - Messaging Costs:  Performance is 
measured in terms of the average number of messages/hops 
sent to select an appropriate number of node-samples, 
required to reach a specified accuracy. 

Table 1 presents the performance costs for all six 
estimation algorithms and for different Zipfian distributions 
(different θs). Performance is expressed in terms of the 

number of hops each algorithm needs to achieve high 
accuracy in SJS estimation, specifically, a %age error less 
than 30%, 20%, and 10%. Performance is presented with three 
numbers (three rows per cell) which express the number of 
hops in different network settings, i.e. for N=1000, 4000, and 
10000 nodes respectively. This means that, for a total number 
of tuples equal to 100000, there will be (on average) 100, 25 
and 10 tuples per node.  

Table 1 shows that GBS keeps the cost low for all different 
distributions (i.e. less than 14 hops for a network of 1000 
nodes and required accuracy <10%). Only for high θs (θ=1, 
1.2) pCROSS and pBIF have comparable costs with GBS. 
However, the precision of these two algorithms for high 
values of θ is lower than GBS (see Fig. 6); in addition, these 
algorithms are very expensive for the other Zipfian 
distributions (being typically several-hundred percent worse). 

Specifically, a part of Table 1 is presented in Fig. 7, which  
illustrates the number of hops necessary to achieve an 
accuracy of %age error < 10, for all six SJS estimation 
sampling algorithms and various values of θ, in a network of 
N=1000 and M=100000 tuples. It is obvious that GBS requires 
a significant low number of hops for all different distributions 
(i.e. in all θs, less than 14 hops). Only pCROSS and pBIF 
show similar performance for high θs (θ=1, 1.2), as already 
discussed. But for low and medium θs, pCROSS executes 
from 32 to more than 1000 hops, and pBIF from 32 to 439 
hops; both extremely more expensive than GBS. pSEQ is 
significantly expensive, and thus, it does not appear in the 
figure. 
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VI. CONCLUSIONS – FUTURE WORK 
Estimating SJS in p2p systems is an open problem, which 

has not been tackled by other researchers. The paper 
introduced a novel technique to estimate SJS in a p2p data 
network where attribute values are distributed following 
Zipf’s law, using a statistic metric, the Gini coefficient (G). 
We further contributed theoretical analyses that relate G with 
the skew parameters of the Zipfian distributions. 

Moreover, the paper develops p2p versions of five well-
known SJS estimation techniques. The superiority of the novel 
G-based algorithm, in terms of accuracy, precision, and 
messaging performance, is testified by comprehensive 
experimentation. In fact, the proposed algorithm is the only 
one to guarantee superior performance in all metrics and for 
data sets of varying skewness: from nearly-uniform to highly-
skewed. In addition, the proposed method ensures estimation 
accuracy that is similar to that enjoyed by the best techniques 
in centralized settings, with small performance overheads in a 
p2p environment. 

In addition, the proposed algorithms assume a kind of 
stratification of tuples into the different nodes. Although it 
may be easy to implement and less expensive (in terms of 
hops), it may be not the best approach for achieving high 
accuracy (i.e. a node does not constitute a random sample). In 
the future, we plan to investigate other sampling techniques 
than random walking, which may further improve our 
estimation technique. 
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